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1. INTRODUCTION

In this talk we will define ¢-structures and develop some of their associated theory.
We will give examples and compute their hearts.
The goal of this talk is to give an exposition of the behaviour of stable co-categories
and showcase the techniques available in this setting. Hence we have chosen to focus
on proofs that make use of the stable structure. A slogan for this talk would be “kill it
with exact sequences”.
There are strong parallels between stable oo-categories and triangulated (one)-categories,
this will be addressed momentarily.

2. RECOLLECTIONS
We recall:

Definition 1. A pointed oco-category C is stable if:

(a) C admits finite limits and colimits.
(b) A square

|

Q—n
O+—

—
is a pushout if and only if it is a pullback.

Furthermore we also recall:

Fact 1. Let C be a stable oo-category, then hC canonically has the structure of a tri-
angulated category where the shift functor is given by ¥ : hC — hC and a diagram
X —Y — Z is a triangle in AC if and only if it is a fibre sequence in C.

Notation 1. Let X,Y € C a stable co-category. Then we define
Exte(X,Y) := mpMap, (2" X,Y)

and note for n negative this can be identified with 7_,Map,(X,Y). More generally,

ExtZ(X,Y) can be identified with the (—n)th homotopy group of the mapping spectrum
1
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from X to Y. It then follows from the definitions that given a fibre sequence X — Y —
Z, for all W € C we obtain a long exact sequence
= BExt3(Z,W) = Ext3(Y, W) — Ext3(X, W) — Extz ™ (Z, W) — ...

of abelian groups.

3. DEFINITIONS AND BAsic FACTS
We are now ready to define our object of interest:

Definition 2. Let D be a triangulated category, then a t-structure on D is the data

of two full subcategories (D<g, D>g), each stable under isomorphism such that:

(t1) for X € D>g and Y € D<y we have Homp(X,Y[-1]) =0,

(t2) there are inclusions Dx>g[1] € D> and D<g[—1] C D<),

(t3) VX € D there exists a fibre sequence X’ — X — X” where X' € D> and X" €
D<o[—1].

Furthermore we define D=, := D>q[n| and D<,, := D<g[n].

Morally we can think of (¢1) as saying “Homp(D>o, D<_1) = 0” and (¢3) as asserting
there exists an exact sequence “D>¢g —+ D — D<_1”.

Remark 1. Let D be a triangulated category and (D<g,D>p) be a t-structure. Then
D> is uniquely determined as the full subcategory of D spanned by the objects X such
that Homp(X,Y) = 0VY € D<_;. Similarly D« is determined by Dx¢.

Definition 3. A t-structure on a stable co-category C is a t-structure on hC. If C is
equipped with a ¢-structure then we denote C>,, and C<, as the full subcategories of C
spanned by those objects belonging to hC>, and hC<,, respectively.

Example 1. We state the main examples and in the course of this talk we shall verify
the axioms in these cases.

e On the oo-category of Sp we may define Sp>¢ as the full subcategory spanned by
spectra X such that m;X ~ 0 for ¢ < 0 and Sp<¢ as the full subcategory spanned by
spectra Y such that m;Y ~ 0 for i > 0.

e Let R be a commutative ring and D := D~ (R) be the left bounded derived category
of R. Then we may define D> as the full subcategory spanned by the complexes X
such that H;(X) ~ 0 for i < 0 and D<q as the full subcategory spanned by complexes
X such that H;(X) ~ 0 for ¢ > 0.

Now we will state a fact from Higher Topos Theory that we will use often.

Fact 2. HTT 5.2.7.8 Let C be an oo-category and C° C C a full subcategory. The
following are equivalent:

e For every object there exists a localization f : X — Y relative to C. That is for each

X € C there exists Y € CY and a map X Ly inducing an equivalence
Mape(Y, W) L5 Mapp(X, W) VW e C°.
e The inclusion C° C C admits a left adjoint.

Proposition 1. Let C be a stable oo-category equipped with a t-structure, then for
n € Z the full subcategory C<,, is a localisation of C.

Proof. Without loss of generality we assume n = —1, we will use Fact Consider
X € C and from (¢3) we obtain a fibre sequence

X' = x4 xr
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with X” € C<_;. We claim f is our desired localisation relative to C<_j. For any
Y € C<; we have

Mapc (X/,a Y) & Mapc (X7 Y)
is an equivalence by Whitehead’s Theorem as the fibre is Mapy(X'[1],Y) ~ 0 by (¢1). O

For n € Z we have shown the existence of a left adjoint 7<,, : C — C<,, to the inclusion
C<n — C. A dual argument shows the inclusion C>,, < C admits a right adjoint 7>,,.
Hence:

Corollary 1. C<, is stable under all limits that exist in C and dually C>,, is stable under
all colimits that exist in C.

Proof. This is due to the inclusion functors being appropriate adjoints. U
It follows from the above proof that:
Corollary 2. Given C as above, X € C and n € Z then there is a fibre sequence
TonX — X = 7<p1X.
Fact 3. Let C be a stable co-category equipped with a t-structure and m,n € Z. Then:

(a) T<n : Cgm — Cgm,
(b) T>n : C<m — C<m

Lemma 1. Let a < b € Z and suppose 3f : X — Y such that m; f is an equivalence for
a <i<b. Then 74 f 1= (T>a © 7<p) f is an equivalence.

Proof. Clearly 7; ;) is an equivalence for a < i < b. Note we have a fibre sequence
T2a+1T[a7a+1]X ~ T[a+1,a+1]X — T[a7a+1]X — T[aﬂ}X ~ TSnT[a,a—i—l]X-
Then f induces a map of fibre sequences:

QT[a,a]X e T[a+1,a+1}X — T[a,a+1]X

\LZ \Lz \LT[a,a+1]f

Qe — Tast,a4]Y — Taary)Y

and we conclude T, 441]f is an equivalence and the claim follows from iterating this
argument. O

Proposition 2. Let C,(C<o,C>0) be as above, then for all m,n € Z there exists a
canonical map
6
T<m O T>np — T>n O T<m
which is an equivalence of functors C — C<,, N Cznﬂ

Proof. The existence of § follows from abstract facts in HT'T.7.3.1 and the commutativity
of
CZn — C

TZ"\L \t—gm
ConNC<ip —— C<im

For each X € C we have a morphism 0x : 7<;p 0 7>, X — 7>y 07< mX, we wish to show
this is an isomorphism in the homotopy category. If m < n then both sides are zero so
we are done. Assume m > n, it suffices to show that composition with 6x induces an
isomorphism

0*
Exte(m2n © T<m X, Y) = Exte(1<m 0 75n X, V) = Extg(1>,X,Y)

1By intersection we mean the fibered product of the two inclusions into C.
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for all Y € C<;, N C>, where the last equivalence is by adjunction. We obtain a map of
long exact sequences:

Extd(ren_17<mX,Y) —L s Extd(r<p_1X,Y)
n* n*
Ext(r<pm X, Y) L Extd(X,Y)
e* e*
ExtO f2 0
2t (ronTem X, V) ——2 5 Bxt(ron X, Y)
Exth(ren_17<mX,Y) —L 5 Bxth(r<n1X,Y)
fa

Extg(T<m X, Y) Ext(X,Y)

Since m > n we have 7<,_1 ~ T<,_17<;, we have that fy and f3 are bijective. Since
Y € C<,, we have that f; is bijective and fy is injective (by the long exact sequence on
homotopy groups of the relevant mapping spectra). Hence by the 5-lemma fs is bijective
as desired. O

Definition 4. Let C be a stable co-category equipped with a ¢-structure. Then the
heart C of C is the full subcategory C>9 N C<g. We denote 7y := 7>007<g : C — cv
and for n € Z we let 7, : C — C¥ be the composition of my with the shift X — X[—n).

Proposition 3. Let C be as above, then CV is equivalent to the nerveﬁ of a 1-category.
Proof. Let X,Y € C¥ then we shall compute the higher homotopy groups of
Mapeo (X,Y) ~ Map(X,Y).
We observe for ¢ > 1:
miMape(X,Y) ~ moQ'Map.(X,Y) ~ moMapq (X, Y[—i]) ~ 0,
and hence the claim follows. O

In the proof it was shown that for X, Y in the heart of C that Map(X,Y) ~ moMap(X,Y")
and since stable categories are enriched over spectra we note the heart is enriched over
abelian groups.

Fact 4. The heart of a stable co-category C is an abelian category and the data of a
fibre sequence X — Y — Z in C yields a long exact sequence of homotopy objects

e X o mY > T 5w X — .
in CY.

Lemma 2. Let a < b € Z and suppose 3f : X — Y such that m; f is an equivalence for
a <i<b. Then 74 f := (T>a © 7<p) f is an equivalence.

Proof. Clearly 7; ;) is an equivalence for a < ¢ < b. Note we have a fibre sequence

Tza_HT[a’aJrl}X >~ T[a+1’a+1]X — T[a7a+1]X — T[a,a]X ~ TSQT[a7a+1]X.

2We will ignore nerves in our notation.
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Then f induces a map of fibre sequences:

Q70,0 X — Tat1,0411X — Tga+1]X

lg l”: l’r[a,a+l]f

QT[a’a}Y E— T[a+1,a+1]Y E— T[a,a—i—l]Y

and we conclude T, 441]f is an equivalence and the claim follows from iterating this
argument. U

Definition 5. Let C be a presentable stable co-category, then a t-structure on C is
accessible if C>¢ is presentable.

Fact 5. For C a presentable stable co-category with ¢-structure (C>o,C<p) the following
are equivalent:

The t-structure is accessible.

The oo-category C>q is accessible.

The oo-category C<q is accessible.

The oo-category C<q is presentable.

The truncation functor 7<g : C — C is accessible.
The truncation functor 7>g : C — C is accessible.

4. COMPLETENESS & WHITEHEAD

Let C be a stable co-category equipped with a t-structure.

Definition 6. We let C* := |JC<,, C~ := |JC>_,, and define C* := C~ NC*. Then
we say C is left bounded if C ~ C*, C is right bounded if C ~ C~ and bounded if
C ~Cb.

Recall: Given a commutative ring R and an ideal I we may define the completion of
R at I as the inverse limit over n of R/I"™ where the map R/I"*! — R/I" is given by
killing /™. In what follows one observes an analogy to completion of rings by thinking
of 7<¢ as "killing I” and 7<, as "killing I".

Definition 7. We define the left completion of C, denoted CA, as the limit of the tower

TSI
Cgl CSO

TSO T§,1

'—>C§2

and we say C is left complete if the canonical map C = C is an equivalence.

We now note that being left complete is equivalent to the assertion X —» L mT7<pX.
There is an analogous notion of right completeness which asserts lgT>nX = X.

Using results from section 3.3.3 Higher Topos Theory the oco-category C as the full
subcategory of Fun(NN(Z),C) spanned by the functors F' such that:

e For each n € Z, F(n) € C_,,.
e For each m < n € Z, the induced morphism F(m) — F(n) induces an equivalence

T< o F(m) = F(n).
Proposition 4. Let C be a stable co-category equipped with a t-structure. Then:

(a) The left completion C is also stable.

(b) Let C<0 and C>0 be the full subcategories of C spanned by those functors F' :
N(Z) — C which factor through C<o and C>q, respectively. Then these subcategories

determine a t-structure on C
(c) There is a canonical exact functor C -> C which induces an equ1valencl C<o = C<0

3This part bolsters the above analogy with classical completion of rings.
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Proof. (a) Omitted as this makes use of general facts about spectrum objects which
will lead us too far astray from out interests.

(b) We note for F € C we may define F[n|(m) := F(m-+n)[n], yielding that CA>0[ 1] C €>0
and CA<0[ 1] C C<0 Moreover it’s a general fact that mapping anima in limits are
simply the limits of the mapping anima, so for X € C>0 and Y € C<0 we observe:

Maps(X,Y) =~ @MapC(X(n), (n)) ~ im0 ~0

by (t1). Now we produce the required fibre sequences, let X € C. We let X" :=
T<—10X : N(Z) — C and note the unit of this adjunction assembles into a map
X — X" where X" € C<_;. Then the fibre of this map is in C>o (as it can be
identified with 7>¢ o X.

(c) Let D denote the full subcategory of Z x C spanned by pairs (n,C') where n € C<_,,.
It follow from Fact [2] that the inclusion D C Z x C admits a left adjoint L. By the
hom-product adjunction in Cats, the composition

ZXC—>DCZ><C C

can be identified with a functor C % Fun(Z, C) which factors through C. It suffices to
show @ is right exactﬂ (as both left and right exactness are equivalent to exactness).
Since the truncation functors 7<j, : C<,4+1 — C<, are right exact, finite colimits in

C are computed pointwise. Hence we are reduced to proving that each compostion
C i> é\ — T SnC

is right exact. But this composition can be identified with the functor 7<,, (which

is clearly right exact).

Finally, we observe that CASO can be identified with the limit of the essentially

constant tower
id id T<-1 T<-2
.— C<o — C<o C<1

and that 6 induces an equivalence of this limit with C<o.

O

Fact 6. There is an equivalence of co-categories between the category of left bounded
stable oco-categories and the oco-category of left complete categories given on objects by
C—Cand C+— CT.

We give a criterion to check if a t-structure is left complete:

Proposition 5. Let C be a stable co-category equipped with a t-structure. Suppose C
admits countable products and that C>g is stable under them. Then C is left complete
if and only if the full subcategory C>o :=[)C>pn C C consists only of zero objects of C.

Proof. We observe every tower

DXy = X1 — .

in C admits a limit limX which belongs to C<_;. The functor C i C constructed above

admits a left adJomt G given on objects by C> f— L m f. Then C = Cis equivalent to
the unit and counit maps:

u:FolG— 1z
v:lg—>GoF
being equivalences. If v is an equivalence then X can be recovered as the limit of the

tower {7<, X} and this implies the forward direction.

1Recall right exact means the functor commutes with finite colimits.
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Now we assume C>«, consists only of zero objects. To prove u is an equivalence we must
show for f € C the projection map @( £) 2% f(n) induces an equivalence 7<_, @( f)—
f(n). Equivalently we may show that the fibre of p,, is in C>_,41. By the definition of
a limit p,, factors as

lim(f) == f(n—1) 2 f(n).
By the octahedral axiom we obtain a fibre sequence

fib(pn—1) — fib(pn) — fib(sy).

Then since fib(sy,) is in C>_p41 it suffices to show that fib(p,—1) is in C>_,41 (we will
see this is closed under extensions). We observe that the fibre of p,,_; can be identified
with the limit of a tower {fib(f(m) — f(n—1))}m<pn (limits commute with limits). Our
claim follows from the fact that each fib(f(m) = f(n —1)) € C>_p42.

Now we consider v: let X € C and consider vy : X — (G o F)(X). Since u is an
equivalence we conclude that 7<,(vx) is an equivalence for all n € Z. It follows that
cofib(vx) € C>p41 for all n € Z. Then by assumption we conclude cofib(vyx) =~ 0 so that
vx is an equivalence as desired. O

This result will imply that Sp and D~ (R) for a commutative ring R are left and right
complete.

Theorem 3 (Whitehead’s Theorem). Let C' be a stable oco-category equipped with a

t-structure which is both left and right complete. Suppose X i) Y is such that m;f is
an isomorphism for all ¢, then f is an equivalence.

Proof. Using Lemma 2} for all a,b € Z we have 7,3 f is an equivalence. Since f =
lim7<, f and f = lim 7>, f we conclude f is an equivalence. O
n n

5. t-STRUCTURE ON THE LEFT BOUNDED DERIVED CATEGORY OF A RING

We will construct a t-structure on the left boundedﬂ derived category of a commutative
ring R. Since the data of a t-structure is one-categorical in nature we will permit
ourselves to work with the classical one-categorical left bounded derived category, that
is the localisation of Ch™(R) at all quasi-isomorphisms. We consider D = D~ (R) and
define D¢ as the full subcategory of D spanned by complexes X such that H;(X) ~ 0
for 4 < 0 and similarly define D<( as the full subcategory spanned by complexes X such
that H;(X) ~ 0 for ¢« > 0. We will recall some facts which will be used to verify the
axioms:

e For X = (X,,),Y = (Y,,) € Ch(R) we have
Homgy ) (X,Y) := {Homepr) (X, Y)p}pez
where Homey, gy (X, Y), := [[ Hompg(Xp, Yoip).
e The inclusion D<,, — D adm?ts a left adjoint 7<,, (this can be proved by hand without

general t-structure machinery).
e A triangle X — Y — Z in D gives rise to a long exact sequence on homology groups

o= H, X —-H)YY - H,Z - H, 1 X — ...

in the category of R modules Modg (again this is proved by hand using the snake
lemma and that the localisation functor preserves homology groups).

Proposition 6. Let R be a commutative ring, D = D™ (R) and (D<q, D>0) defined as
above. Then this is the data of a ¢-structure on D.

SRecall Ch~ (R) is the full subcategory of Ch(R) spanned my complexes M = (M, ) such that M,, = 0
for n < 0.
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Proof. We check the axioms.

(a) Let X € D> and Y € D<g, we must show Hom(X,Y) = 0. Choose X’ and Y” lifts
of X,Y respectively in Ch™(R). Since we wish to prove a statement in D we may
choose X’ such that X/ = 0 for i < 0 and each X/ is projective and Y’ such that
Y] = 0for j > —1 and each Y] is injective. Then clearly Homey(r) (X', Y') = 0,
since X’ and Y’ are not homotopy equivalent (unless they are both 0, in which case
the claim still follows) we obtain that 0 = Homey,ry (X', Y”) = Homy - () (X', Y') =
Hom(X,Y).

(b) Clearly D>o[1] € Do and D<o[—1] € D<p.

(c) Consider X € D then by adjunction we obtain a map X — 7<_; X and by checking
on the long exact sequence on homology groups we observe the fibre of this map is
in DZO'

O

We conclude with the following;:
Proposition 7. Let D = D~ (R) and (D<g, D>0) be as above, then DY ENO—> Modp.

Proof. Tt is clear from the definitions that DY is the full subcategory of D spanned by
M e Modr i=0

. Hence clearly Hj is essentially
0 else

complexes X such that H;(X) ~ {
surjective. We also have a functor Modpg 4D given by sending a module M to the
chain complex M which has M in degree 0 and 0 everywhere else. Clearly ¢ factors

through D and one can check i 0 Hy ~ 14, and Hy o ~ 1po.
O

6. t-STRUCTURE ON Sp

In contrast to the previous section we will now develop the necessary machinery to
construct t-structures on “the category of spectrum objects in a presentable stable oco-
category C” of which Sp := Sp(An.) is a special case.

In light of Proposition [T] we observe that ¢-structures give rise to localisations, in fact
they correspond to a particular class of localisation.

Recall: If a full subcategory C’ of a stable co-category C is stable under extensions if
for all fiber sequences

X-=Y—=>Z
in C it holds that
X.Zel = Yecl.

The following proposition will be used to produce a t-structure on spectra.

Proposition 8. Let C be a stable oco-category, let L : C — C be a localisation functor.
Then the following are equivalent:

(a) The essential image of L is closed under extensions.
(b) The full subcategories C>p := {A: LA~ 0} and C<_; := {A: LA ~ A} determines
a t-structure on C.

Proof. We will only show a) = b) as this is what we will make use of. Suppose the
essential image of L is closed under extensions. For A € C and B € LC we will show the
natural map Ext;(LA, B) — Ext}(A, B) is injective. We consider ¢ € Ext}(LA, B) and
note by iteratively taking fibres we may produce a triangle

B—c%10A% B
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Since B and LA are in LC and the image of L is closed under extensions we conclude
C € LC. Suppose the image of ¢ in Ext}(A, B) is trivial, then by the universal property
of the fibre the unit map A — LA factors as

YENEN Y

Now we apply L to this diagram and since L is already local we observe that g admits
a section and thus ¢ = 0 (yielding the desired injectivity).
Now we will verify the axioms for our candidate t-structure:

(a) If X € CZO and Y € Cg_l, then
Extd(X,Y) ~ Ext(LX,Y) ~ Ext3(0,Y) ~ 0.

(b) Since C<_; is a localisation of C it is stable under limits, hence C<_1[—1] C C<_;.
Furthermore since L preserves colimits LX ~ 0 = L(X][1]) ~ 0 and hence
C>o[1] € Cxo.

(c) For X € C, by taking the fibre of the unit map X — LX we produce a fibre sequence
X’ — X — LX and now we claim X’ € C>¢. It suffices to show for all Y € LC that
Ext@(LX',Y) = 0. Since Y is local we have isomorphisms

Ext2(LX',Y) ~ Ext(X’,Y) ~ Ext}(X'[1],Y)

where the last equivalence comes from the definition of Exté. We now consider the
exact sequence

Ext(LX,Y) & Ext(X,Y) 3 Extt(X'[1],Y) — Ext}(LX,Y) iR Ext:(X,Y)

where f is bijective since Y is local (equivalently by adjunction) and f’ is injective
by assumption, hence

0 ~ Extb(X'[1],Y) ~ Ext3(LX',Y)

and we are done.

O

Proposition 9. Let C be a presentable stable co-category. Suppose there exists a full
subcategory C' C C which is presentable, closed under small colimits and closed under
extensions, then there existﬂ a t-structure on C such that C' =: C>o.

Proof. We will state some results from HTT to bootstrap the proof and then conclude
by Proposition [8f We fix X € C and let C}X denote the fibered product C,x x¢C'. By

HTT.5.5.3.12 C; y is presentable and in particular has a final object Y Iy X 1t follows
that composition with f induces an equivalence

Mape(Z,Y) = Mapo(Z,X) VZeC.

Then by dualising Fact [2| we observe C’ is a colocalisation of C. Since C’ is stable under
extensions the dual of Proposition [8| gives the existence of a uniquely determined
t-structure on C such that C' =: C>o. O

Proposition 10. Let C = Sp be the oo-category of spectra and let C<_1 be the full
subcategory spanned by objects X such that 2°°X ~ x. Then C<_ determinesﬂ an
accessible t-structure on Sp.

6This ¢-structure is by definition accessible.
"Recall Remark
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Proof. We recall the functor 2°° : Sp — An admits a left adjoint X5°. We recall the set
{S" }nenuqoy generates An under colimits. Then we observe E € Sp<_1 if and only if
for each n the spaces:

Map 4, (8", Q> E) =~ Mapg, (X7 5", X)

are contractible. Then let Sp>¢ be the smallest full subcategory of Sp which is stable
under colimits, extensions and contains ¥5°5™. Then by Proposition |§| Sp>o is the
data of an accessible t-structure on Sp. O

Now we compute its heart:
Proposition 11. There is an equivalence of categories Sp” :—0> Ab with the category of
abelian groups. -

Proof. A spectrum F is in Sp¥ if and only if it is an Eilenberg-MacLane spectrum
HA ={K(A,n)}nen. We recall that

Homap(A, B) = Map 4, (K(A,n), K(B,n))
for all n € N and hence:

Mapyg,(HA, HB) =~ limMap 4, (K(A,n), K(B,n)) ~ Homa,(4, B).

We conclude the functor 7 is essentially surjective as well as fully faithful and hence an
equivalence. O
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